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Abstract
Measuring entanglement is a demanding task in the field of quantum computation and quantum
information theory. Recently, some authors experimentally demonstrated an embedding quantum
simulator, using it to efficiently measure two-qubit entanglement. Here, we are reviewing some
measures of entanglement which are used for pure and mixed states. Furthermore, we have reported
the efficient bipartite and multipartite entanglement measures.
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I. INTRODUCTION
Quantum entanglement plays a key ingredient of quantum information theory, such as
quantum communication and quantum computation [1, 2]. Quantum entanglement repre-
sents one of the most remarkable features of quantum systems that has no classical coun-
terpart [3]. Entanglement is an important quantum resource in both quantum computation
and communication [4]. Entangled states indicate a variety of non-local quantum correlation
subsystems, which have many applications in quantum data, including quantum teleporta-
tion, quantum cryptography [5], quantum dense coding and quantum computing [6, 7]. The
study of entanglement of such states is essential and recently has been a field of severe
research [8]. Candia et al. [9] proposed a protocol for the efficient measurement of multi-
partite entanglement with embedding quantum simulators [10], but we have to focus on the
meaning of the term efficient. It depends if we want to qualify or quantify the entanglement.
For example, for pure states, we have some methods in quantum information theory that
describe a certain type or class of entanglement, under stochastic local operations with clas-
sical communication (SLOCC) [11, 12]. Also by using invariant theory, some polynomial can
help us to distinguish different classes of entanglement [13]. We can also study the entan-
glement of pure state by associating each quantum state, which is a geometrical singularity,
that can help to have a piece of information on the entanglement of the state. Cavalcanti et
al. [14] have demonstrated how the geometry of the set of unentangled states can be related
to singular behavior in physical phenomena. Their results have proposed an explanation by
interpreting the non-analyticities exhibited by entanglement as a consequence of geometric
singularities [14]. There are also some numerical measurements of entanglement that can
help us to quantify entanglement, such as concurrence [15–17], negativity and logarithmic
negativity [18, 19], Von Neumann entropy, etc [20]. In this paper, we are looking for the
efficient bipartite and multipartite entanglement measures. This paper is organized as fol-
lows: in Section II we provide bipartite systems and then we introduce multipartite systems
in the Section III. Finally, Section IV is dedicated to discussion and conclusions.
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II. BIPARTITE SYSTEMS
When a system consists of two subsystems we say it is a bipartite system. The Hilbert
space of the composite system is a tensor product of Hilbert space that describes Alice,s
system and the Hilbert space that describes Bob,s system. If we define these as HA and
HB, respectively, then the Hilbert space of the composite system is H = HA ⊗ HB. But
not all states |ψ〉 ∈ HA ⊗ HB are entangled. When two systems are entangled, the state
of each composite system can only be described with reference to the other state. If |ψ〉 ∈
HA and |φ〉 ∈ HB and |ξ〉 = |ψ〉 ⊗ |φ〉, then |ξ〉 is a product state or separable. For
bipartite systems, various measures of entanglement have been proposed [15, 16, 18, 20–
23]. Entanglement measure (EM) quantifies how much entanglement is in a bipartite or
multipartite systems. Properly it is any non-negative real function of a state which cannot
increment under local operations and classical communication (LOCC) [24], and is zero for
product state or separable state. An LOCC operation is an element of the class LOCC,
which contains all local quantum operations and classical communication. In other words,
an LOCC operation would be doing a local quantum operation or doing some classical
communication [20]. A good and rigorous definition of LOCC is not so easy, see [24] for
a nice review on LOCC. One of general applications of abstract entanglement measures
(EMs) is to show that certain task cannot be obtained by means of LOCC [20, 24]. One
does it by showing that if the task could be done, then some of EMs would increment. EMs
are also classified based on their properties, e.g. additivity, convexity and continuity. This
approach to EMs is known as axiomatic approach [25]. An EM for a bipartite system is
a state functional that vanishes on separable states and does not increase under separable
operations.
III. MULTIPARTITE SYSTEMS
The issue of defining multipartite entanglement is more difficult and there is no unique
definition [26]. Hence, a good definition of multipartite entanglement should hinge upon
some statistical information concerning the system. Some recent works have focused on
clarifying concept of multipartite entanglement [27, 28]. Facchi et al. began the study of
multipartite entanglement from [29] where multipartite entanglement has been characterized
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in terms of a probability distribution, namely the distribution of bipartite entanglement over
all the possible bipartition. This is motivated by the fact that, due to the presence of many
possible bipartitions, the characterization of multipartite entanglement resembles a complex
system. This is taken into account since entanglement is not measured by a single number
but by a whole probability distribution (thus all its moments). Facchi et al. have recasted the
characterization of multipartite entanglement in terms of a fictitious statistical mechanical
problem [30, 31], a technique that is often used in optimization problems. In this statistical
mechanical approach, the hamiltonian is a suitable function that represents some features
of multipartite entanglement (like one of the above moments or a combination of them), the
configuration space is the set of all pure states, and the temperature is a parameter that
fixes isoentangled (with respect to the features specified in the hamiltonian) subspaces [30].
Correlation functions, high temperature expansions, and other techniques from statistical
mechanics are used to characterize multipartite entangled states. This approach can also
be seen as defining ensembles of random isoentangled states [30]. The statistical mechan-
ical approach has also been applied to gaussian states, to the characterization of bipartite
entanglement of large systems, where phase transitions are identified and phases represent
random states with support on subsets with different entanglement features [32], and to
mixed states where now it is not entanglement to be characterized but local purities of the
parties [33]. In this framework, a state is maximally entangled if it is maximally entangled
according to all bipartition. This condition is highly nontrivial, however, generically impos-
sible for qubit systems or gaussian states except in the case of small number of constituents:
different bipartitions interfere similarly to how local interactions do in frustrated systems
[34, 35]. Therefore, the problem of maximizing multipartite entanglement is nontrivial for
two aspects: one is the complex nature of its characterization that jointly involves many
quantities (the moments of the above distributions that all together carry the same infor-
mation of the distribution itself), the second is the possible frustration in the optimization
procedure due to the interference among bipartitions.
The study of multipartite entanglement has attracted much attention in the last years
[37–42]. From the theoretical side, multipartite entanglement may be a key element to
improve various applications like quantum information processing or quantum metrology,
or to understand and simulate physical systems, such as quantum spin chains undergoing a
quantum phase transition. For multipartite systems, several measures of entanglement have
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been proposed. For example, generalized concurrence [36, 43], global entanglement [44],
Scott measure (or generalized Meyer-Wallach measure) [45–48], geometric measures [49],
etc. Multipartite entanglement has been extensively investigated as a resource for quantum
enhanced measurements. In the multipartite setting there are EMs that simply are functions
of sums of bipartite EMs. For these multipartite EMs the monotonicity under LOCC is
simply inherited from the bipartite measures. But there are also EMs which were constructed
specifically for multipartite states. As required by an excellent or good EM, it can be
checked that both bipartite and multipartite entanglement are two non-increasing EMs under
LOCCs. Therefore it is natural to ask how much entanglement can be obtained from the
incompletely entangled states which arise, for example, during the sharing of a completely
entangled state between two observers using only LOCC. About fundamental questions
of quantum information theory, of which tasks such as the characterization and general
comprehension of entanglement belong to, LOCC operations are of importance because of
their locality. As the concept of entanglement is strongly related to the nonlocal properties of
a physical state [50], LOCC operations cannot affect the inherent nature of entanglement. By
using LOCC operations different equivalence classes of states can be defined; representatives
of each class can be used in experiments to carry out the same tasks, though with a different
probability [20, 24].
IV. CONCLUSIONS
The amount of entanglement does not really have a meaning apart from a well-defined
measure. An ideal measure of entanglement should have the following characteristics: it is
non-vanishing if and only if the state is entangled; it is maximized by some recognizably
maximally-entangled states; it has an operational interpretation (i.e., it quantifies the ability
to carry out some quantum information protocol); it is monotonic (non-increasing under local
operations and classical communication); and it is easy to calculate. For bipartite pure states
there is a measure that satisfies all of those requirements: the entropy of entanglement, which
is monotonic, straightforward to calculate, nonzero for all entangled states and zero for all
product states, and which quantifies the number of maximally entangled pairs which can be
produced asymptotically from many copies of the given state. However, for mixed states and
multipartite states, there is no measure that satisfies all of these requirements as far as we
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know. There are variety of different measures that may satisfy some of these requirements
but not others. Some (like negativity) are widely used in numerical modeling because they
are easy to calculate, but in general they do not have a direct operational interpretation, and
may not be nonzero for all entangled states. Others have great theoretical importance (like
the entanglement of formation) but cannot generally be calculated in closed form for most
states. They require difficult optimizations, or regularized expressions, or both. Recently,
Huang [51] has proved that computing an EM is NP-hard if the measure is nonzero for all
entangled states. Therefore, efficient algorithms or even closed analytical formulas for such
EMs (including, but not limited to, entanglement of formation) are impossible unless P=NP.
Acknowledgments
We would like to thank Yichen Huang, Yu-Bo Sheng, Ugo Marzolino, Todd A. Brun and
Paul Erker for useful discussions. Saeed Haddadi would like to thank Marianne Bigornia
and Somaye Ebrahimi for their helpful comments and the final edition of the paper.
References
[1] Schro¨dinger, E.: Naturwissenschaften 23, 807, (1935); ibid. 23, 823 (1935); ibid. 23, 844
(1935).
[2] Einstein, A., Podolsky, B., Rosen, N.: Phys. Rev. A 47, 777 (1935); Bell, J.S.: Physics 1, 195
(1964); Peres, A.: Quantum Theory: Concepts and Methods (Kluwer, Dordrecht, 1993).
[3] Gu¨hne, O., To´th, G.: Phys. Rep. 474, 175 (2009)
[4] Sun, Z., Li, Q., Yu, F., Chan W.H.: Int. J. Theor. Phys. 57, 1864 (2018)
[5] Ekert, A.K.: Phys. Rev. Lett. 67, 661 (1991)
[6] Sheng, Y.B., Pan, J., Guo, R., Zhou, L., Wang, L.: Sci. China Phys. Mech. Astron. 58, 060301
(2015)
[7] Zheng, C., Wei, S.: Int. J. Theor. Phys. 57, 2203 (2018)
[8] Arnaud, L., Cerf, N.: Phys. Rev. A 87, 012319 (2013)
5
[9] Candia, R.D., Mejia, B., Castillo, H., Pedernales, J.S., Casanova, J., Solano, E.: Phys. Rev.
Lett. 111, 240502 (2013)
[10] Chen, M.C., Wu, D., Su, Z.E., Cai, X.D., Wang, X.L., Yang, T., Li, L., Liu, N.L., Lu, C.Y.,
Pan, J.W.: Phys. Rev. Lett. 116, 070502 (2016)
[11] Du¨r, W., Vidal, G., Cirac, J.I.: Phys. Rev. A 62, 062314 (2000)
[12] Liang, Y.C., Masanes, L., Doherty, A.C.: Phys. Rev. A 77, 012332 (2008)
[13] Ma¨kela¨, H., Messina, A.: Phys. Rev. A 81, 012326 (2010)
[14] Cavalcanti, D., Saldanha, P.L., Cosme, O., Brandaˆo, F.G.S.L., Monken, C.H., Pa´dua, S.,
Franc¸a Santos, M., Terra Cunha, M.O.: Phys. Rev. A 78, 012318 (2008)
[15] Hill, S., Wootters, W.K.: Phys. Rev. Lett 78, 5022-5025 (1997)
[16] Wootters, W.K.: Phys. Rev. Lett 80, 2245-2248 (1998)
[17] Sheng, Y.B., Guo, R., Pan, J., Zhou, L., Wang, X.F.: Quantum. Inf. Process. 14, 963 (2015)
[18] Vidal, G., Werner, R.F.: Phys. Rev. A 65, 032314 (2002)
[19] Plenio, M.B.: Phys. Rev. Lett. 95, 090503 (2005)
[20] Nielsen, M.A.: Phys. Rev. Lett. 83, 436 (1999); Vidal, G.: ibid. 83, 1046 (1999); Jonathan,
D., Plenio, M.B.: ibid. 83, 1455 (1999); Vidal, G., Jonathan, D., Nielsen, M.A.: Phys. Rev.
A 62, 012304 (2000)
[21] Bennett, C.H., DiVincenzo, D.P., Smolin, J.A., Wootters, W.K.: Phys. Rev. A 54, 3824 (1996)
[22] Vedral, V., Plenio, M.B.: Phys. Rev. A 57, 1619 (1998); M.B. Plenio and V. Vedral, Contemp.
Phys. 39, 431 (1998)
[23] Zhou, L., Sheng, Y.B.: Entropy 17, 4293 (2015)
[24] Chitambar, E., Leung, D., Mancinska, L., Ozols, M., Winter, A.: Commun. Math. Phys. 328,
303 (2014)
[25] Plenio, M.B., Virmani, S.: Quant. Inf. Comput. 7, 1-51 (2007)
[26] Bruss, D.: J. Math. Phys. 43, 4237 (2002)
[27] Scott, A.J., Caves, C.M.: J. Phys. A 36, 9553 (2003)
[28] Roscilde, T., Verrucchi, P., Fubini, A., Haas, S., Tognetti, V.: Phys. Rev. Lett. 93, 167203
(2004); 94, 147208 (2005)
[29] Facchi, P., Florio, G., Pascazio, S.: Phys. Rev. A 74, 042331 (2006)
[30] Facchi, P., Florio, G., Marzolino, U., Parisi, G., Pascazio, S.: J. Phys. A: Math. Theor. 42,
055304 (2009)
6
[31] Facchi, P., Florio, G., Marzolino, U., Parisi, G., Pascazio, S.: J. Phys. A: Math. Theor. 43,
225303 (2010)
[32] Facchi, P., Florio, G., Parisi, G., Pascazio, S., Yuasa, K.: Phys. Rev. A 87, 052324 (2013)
[33] Pasquale, A.D., Facchi, P., Giovannetti, V., Parisi, G., Pascazio, S., Scardicchio, A.: J. Phys.
A: Math. Theor. 45, 015308 (2012)
[34] Facchi, P., Florio, G., Marzolino, U., Parisi, G., Pascazio, S.: New J. Phys. 12, 025015 (2010)
[35] Lupo, C., Mancini, S., Facchi, P., Florio, G., Pascazio, S.: Int. J. Geom. Methods Mod. Phys
9, 1260022 (2012)
[36] Carvalho, A.R.R., Mintert, F., Buchleitner, A.: Phys. Rev. Lett 93, 230501 (2004)
[37] Gerke, S., Sperling, J., Vogel, W., Cai, Y., Roslund, J., Treps, N., Fabre, C.: Phys. Rev. Lett
114, 050501 (2015)
[38] Li, M., Fei, SM., Li-Jost, X., Fan, H.: Phys. Rev. A 92, 062338 (2015)
[39] Zhang, JS., Liu, F., Chen, AX.: Int. J. Theor. Phys. 55, 4016 (2016)
[40] Akhound, A., Haddadi, S., Chaman Motlagh, M.A.: arXiv: 1610.02560
[41] Assadi, L., Jafarpour, M.: Int. J. Theor. Phys. 55, 4809 (2016)
[42] Pezze`, L., Gabbrielli, M., Lepori, L., Smerzi, A.: Phys. Rev. Lett 119, 250401 (2017)
[43] Mintert, F., Kus, M., Buchleitner, A.: Phys. Rev. Lett 92, 167902 (2004)
[44] Love, P.J., Van den Brink, A.M., Smirnov, A.Y., Amin, M.H.S., Grajcar, M., Ilichev, E.,
Izmalkov, A., Zagoskin, A.M.: Quantum. Inf. Process. 6, 187 (2007)
[45] Meyer, D.A., Wallach, N.R.: J. Math. Phys. 43, 4273 (2002)
[46] Brennen, G.K.: Quantum. Inf. Comput. 3, 619 (2003)
[47] Scott, A.J.: Phys. Rev. A 69, 052330 (2004)
[48] Haddadi, S.: Int. J. Theor. Phys. 56, 2811 (2017)
[49] Qun, G.Q., Chen, X.Y., Yun, W.Y.: Chin. Phys. B 23, 050309 (2014)
[50] Zhou, L., Sheng, Y.B.: Phys. Rev. A 90, 024301 (2014)
[51] Huang, Y.: New J. Phys. 16, 033027 (2014)
7
